We study the interface between a fractional topological insulator and an ordinary insulator, both described using holography. By turning on a chemical potential we induce a finite density of matter localized at the interface. These are gapless surface excitations which are expected to have a fermionic character. We study the thermodynamics of the system, finding a symmetry preserving compressible state at low temperatures, whose excitations exhibit hyperscaling violation. These results are consistent with the expectation of gapless fermionic excitations forming a Fermi surface at finite density.
I. INTRODUCTION
Holography is a fairly recent approach to the study of strongly interacting systems which have gravitational duals. As such, it is ideal to model and gain qualitative understanding of otherwise ill-understood phenomena in condensed matter systems. The approach has been applied successfully to the study of homogeneous phases of holographic matter, and has provided insight into diverse phenomena such as superconductivity, quantum phase transitions, and non-Fermi liquid behavior.
Many interesting phenomena in modern condensed matter physics involve boundary excitations at the interface of two different bulk materials. Under suitable circumstances, those boundary excitations are gapless by virtue of topological considerations. Those considerations protect the excitations from developing a gap in the presence of noise and other small perturbations. These localized excitations are particularly interesting when they are predicted to be purely fermionic, as they are a natural candidate for an holographic non-Fermi liquid [1] .
In this note we initiate the study of gapless surface excitations living on interfaces of different holographic materials. To that end, we consider the holographic model constructed in [2] (for related development see [3] [4] [5] [6] [7] [8] ) which describes the interface of a fractional topological insulator and an ordinary (topologically trivial) insulator. Briefly, the model describes a fermion coupled to massless gauge fields, with spatially varying mass profile m(x); index theorems then guarantee the existence of a fermionic bound state on the surface 1 . Since the fermions are expected to be strongly correlated (by virtue of their coupling to deconfined gauge fields), it is interesting to study the physics of these boundary excitations using various probes.
Here we start such an investigation by studying the thermodynamics of the system. We find that the matter localized at the interface is compressible -the density d varies smoothly with the chemical potential µ, with d (µ) = 0 for all values of the chemical potential (and T µ). Furthermore, the excitations around this state seem to exhibit a scaling symmetry with hyperscaling violation, within the precision of our numerics. These results suggest the existence of a Fermi surface for the boundary excitations.
The plan of this note is as follows: in section II we introduce the holographic setup and describe the inhomogeneous backgrounds we construct, where the surface excitations are put at finite density. In section III we discuss the thermodynamics of the system. We end by discussing directions for further exploration of the nature of these and other boundary excitations.
II. THE HOLOGRAPHIC SETUP
We are interested in describing the surface excitations at non-zero temperature T and finite chemical potential µ. The starting point is then a black hole in AdS 5 × S 5 . We use the conventions of [9] [10] [11] , work in the Poincare coordinates, and set the radius of curvature of AdS 5 to unity:
We are interested in 7-branes embedded in AdS 5 and wrapping the 3-sphere inside S 5 , localized at an angle θ on the five-sphere. The 7-brane embedding is characterized by the variation of θ as function of a radial coordinate ρ in AdS, and in our case one of the boundary coordinates x. The embedding is a minimal surface subject to asymptotic boundary conditions which encode the parameters of the problem: temperature, chemical poten- those asymptotic quantities appears below.
The embedding can end smoothly when the 3-sphere shrinks to zero size [12] , ρ sinθ = 0, which can happen in one of two ways:
• If ρ = 0 and sin θ = 0, the 7-brane ends at a finite radial coordinate in AdS, away from the horizon, whose value depends (monotonically) on the mass parameter m. Such embeddings are dubbed "Minkowski embeddings"; they correspond to states with no density 2 . For zero temperature and µ < |m| these are the only possible embeddings and therefore in this parameter range the system is necessarily at zero density.
• On the other hand, if ρ = 0, then −1 < sin θ < 1 parametrizes the inner boundary of the probe brane which lies on the black hole horizon. Such embeddings, called "black hole" embeddings [10, 11] , can support finite density configurations and are possible, at zero temperature, only when µ > |m|.
In order to describe an interface we study the system with a mass profile m(x) depending on a single boundary direction x, interpolating between m(x) = −M , a case which by convention we call the topological insulator, and m(x) = M which corresponds in our sign conventions to a regular insulator. The system is insulating in the bulk, but supports gapless excitations on the interface (where m(x) = 0). We are interested in probing the physics of those excitations.
To that effect we turn on a constant 3 chemical potential µ. The effect of the chemical potential is easiest to understand at zero temperature. In that case, if we choose to satisfy µ < M , the chemical potential would induce no finite density in either one of the bulk insulators, but it would induce finite density at the interface, in the region where m(x) < µ. The embedding then interpolates between the Minkowski embedding (ending at some finite radial coordinate), and the black hole embedding (ending at the black hole horizon).
In practice, in order to avoid numerical instabilities associated with the abrupt transition between the two types of embeddings 4 , we choose the mass profile such that a small density is induced at the edges of the spatial interval. While the embedding is then of the "black hole" type throughout the spatial interval, the quantities calculated are largely independent of the mass profile, as long as the density induced is at least moderately peaked at the interface.
Ansatz and Equations of Motion
To describe the embedding we choose to parametrize the worldvolume in terms of the radial coordinate ρ and the spatial coordinate x. In our parametrization, the embedding is characterized by a single function χ(ρ, x) = cos θ(ρ, x). The asymptotic behavior of the coordinate χ at large ρ, χ(ρ, x) → m(x) ρ , determines the mass profile m(x), we choose to approximate a step function as m(x) = 2M 1+e −ax − M for a 1. As long as the mass profile is sufficiently narrow and steep, the parameters a, M do not significantly influence the physical quantities we calculate 5 . Having chosen a parametrization, we add a worldvolume gauge field A 0 (choosing 2πα = 1). It is straightforward to find the following DBI action:
where the form of I χ and I A0 reveals the elliptic nature of the equations. The field A 0 and the coordinate x are chosen to be dimensionless, like all other quantities appearing in the action. With this choice we measure dimensionful quantities in units of the temperature T . Therefore, the asymptotic value of A 0 at large ρ determines the chemical potential in units of T , A 0 →μ = µ T . The regularity of the solution near the boundary of the embedding is discussed in [14] . For a black hole embedding we need to satisfy ∂ ρ χ = 0 and A 0 = 0 at ρ = 0. Asymptotically in the ρ direction, we set a UV cutoff ρ = Λ and choose A 0 (ρ = Λ, x) = µ to set the chemical potential, and χ(ρ = Λ, x) = m(x) ρ to specify the mass profile. Finally, we choose homogeneous Neumann boundary conditions for both functions at the boundaries of the spatial interval.
The Solutions
We solve the equations of motion numerically using pseudospectral methods implemented in Matlab, utilizing a Chebyshev grid to discretize the equations, and solving the resulting set of algebraic equations using a Newton-Raphson-Kantorovich iteration. The convergence of the solution with the linear size of the grid is exponential. The results shown are for a grid of 900 points (giving accuracy of about one part in 10 6 for the values of the fields).
Before extracting physical properties, we briefly discuss the features of the solutions. In figures (1-3) we display a few characteristic solutions, at various values of the parameters.
In figure 1 we display the embedding function χ. The spatial variation of χ increases towards the horizon, where its profile is correlated with the boundary density: the density is maximal for χ = 0 and decreases to zero as χ → ±1. The value χ = ±1 at the horizon would correspond to the transition to the Minkowski embedding which carries no density.
In figure 2 we show a contour plot of the bulk gauge field. The spatial variation is small around the horizon and grows towards the boundary. Note that the leading behavior of the gauge field near the boundary is spatially homogeneous, and any inhomogeneity is manifested in the behavior of the subleading term, related to the den- sity.
III. THERMODYNAMICS
The thermodynamics of the system is completely specified when expressing the number density n in terms of the chemical potential µ and the temperature T . Equivalently one can specify the free energy F (µ, T ), then n = ∂F ∂µ . We choose to calculate the density n, which is read off the subleading fall-off of the gauge field,
The subleading term in the expansion of χ, related to the chiral condensate in e.g. [10] , is found to vanish at the interface for all our solutions. This is a result of a parity symmetry preserved by our mass profile, and indicates the absence of symmetry breaking and the existence of non-trivial fluid at the interface. The physics of that fluid depends only on mu and T , leading to the dimensional analysis below.
Since our background is inhomogeneous, there is separate information in densities per unit volume (at fixed spatial position x), and the corresponding densities per unit area (when integrating over the spatial direction x). Here we mainly discuss the free energy and number densities per unit volume, at the center of the interface x = 0, ending with comments on the integrated quantities.
Based on dimensional analysis in 3+1 dimensions, F = T 4 F(μ), since T, µ are the only scales in the problem [15] . For relativistic systems which form a Fermi surface at low temperatures, for example for free massless fermions 6 , F(μ) ∼μ 4 + .... The leading term in this expansion corresponds to n ∼ µ 3 , the contribution to the density from a putative Fermi surface.
The subsequent terms in the smallμ expansion give information on low energy excitations of the system. In particular, the second term in the expansion gives the leading temperature dependence of the free energy at low temperatures. Thus, this term is responsible for the temperature scaling of the entropy S in that regime. The entropy scales differently for systems with or without a Fermi surface. For degenerate relativistic fermions, one has S f ∼ T at low temperatures, whereas for relativistic bosons S b ∼ T 3 (see for example [16] ). The larger entropy at low temperatures reflect the fact that systems with a Fermi surface have more low energy excitations in the degenerate limit 7 . The difference between bosons and fermions can also be parametrized in terms of the hyperscaling violation exponent θ, such that S ∼ T 3−θ with θ = 0 for bosons and θ = 2 for fermions. The origin of the difference in scaling is the nature of the excitations of the Fermi surface. The low energy excitations are constrained to be close to the Fermi surface, thus reducing the effective dimensionality of the system.
After parametrizing the possible small temperature behavior, we can present the results of our model. Figure  (4 ) displays a log-log plot of the density as function of the chemical potential (both measured in units of temperature). The small temperature expansion discussed in this section corresponds to the largeμ limit. The functional dependence encoded in figure (4) reveals a few interesting features of the system studied.
The most robust feature is the leading behavior at largẽ µ, n(μ) ∼μ α , with α 3 to numerical accuracy. Depending on fit options, both for reading off the density for each solutions and for fitting the curve n(μ), α is fairly robust, changing between 2.95 and 3.1 (for the displayed graph α = 2.98).
This result is consistent with the expectation that the ground state of the system is a Fermi surface. This relation implies that the derivative of the charge density d with respect to the chemical potential is non-zero at low temperatures, i.e. the state at the interface is compressible. A Low temperature compressible state, in the absence of symmetry breaking, can be taken as indicative of a Fermi surface (see e.g. the discussion in [17] ).
Reading off the subleading terms in theμ expansion is less robust. Nevertheless, one can develop an asymptotic expansion in 1 µ , a low temperature expansion. To probe nature of the low energy excitations, parametrized by the value of θ, we fit the asymptotic data to the form 8 n(μ) ∼ µ 3 +cμ. We find that the value for c is non-zero with great confidence 9 , as c = 0 (the value required for hyperscaling to hold) is about 3 sigma away from the central value for the fit for c. This fits the expectation of hyperscaling violation exponent θ = 2, the value corresponding to small excitations of a Fermi surface.
In summary, we have examined the density per unit volume induced on the interface, revealing structure consistent with the fermionic nature of the boundary excitations. Unfortunately, the densities per unit area cannot be reliably computed using our solutions. Tracking the change in the boundary layer width as function of the parameterμ is necessary for that purpose. However, in our appraoch the width of the domanin wall is determined by a rather than by dynamical properties of the interface. It would be interesting to improve on our discussion and calculate reliably the densities per unit area; we leave that for future work.
IV. CONCLUSIONS AND OUTLOOK
In this note we constructed inhomogeneous solutions describing the holographic dual of an interface between a fractional topological insulator and an ordinary insulator. We have used these solutions to start the investigation of the gapless strongly correlated fermions expected to live on that interface. Indeed, by studying the low temperature expansion of the thermodynamics of the system we found results consistent with these expectations.
A few directions for further study are immediately apparent. It is interesting to study more general models with fermions bound to an interface, for example models with a non-trivial dynamical exponent z, or models with fermionic excitations only -though bosons are not expected to form gapless bound states at the interface, they are likely to limit the precision of the analysis. It is also desirable to study such systems at zero temperature and finite density. In that limit the effects of a degenerate Fermi gas are likely to be more pronounced and can be more cleanly studied. As mentioned in the text, moving away from the "thick" domain wall regime is an interesting, albeit challenging, problem.
Most interestingly, since the boundary fermions are expected to be strongly correlated (i.e. coupled to massless gauge fields), these types of systems are natural candidates for an holographic dual for a non-Fermi liquid. It is therefore particularly interesting to search for further signatures of the fermionic nature of the interface, for example oscillations in response functions, or non-analyticity in the fermionic spectral densities of the system. We expect that general enough models will exhibit characteristics of strange metallic behavior, and we hope to return to some of these questions in the near future.
Finally, beyond that particular example of an holographic interface, there is a whole range of fascinating interface physics to be explored holographically. We expect that the methods used here will be useful in exploring this research direction.
